Abstract. We describe the space of Poisson bivectors near a log symplectic structure up to small diffeomorphisms.
Introduction
A Poisson structure on a smooth manifold M is a Lie bracket on the space of functions C ∞ (M ) that satisfies the Leibniz rule {f, gh} = {f, g}h + g{f, h}, for all f, g, h ∈ C ∞ (M ). Equivalently, a Poisson structure is given by a bivector π ∈ Γ(∧ 2 From this point of view, a symplectic structure is the same as a non-degenerate Poisson structure. The corresponding two-form is given by ω = π −1 , and nondegeneracy is equivalent to ∧ n π being nowhere zero, where dim M = 2n. Generalizing this situation, a Poisson structure π on a manifold M of dimension 2n is called log symplectic if the map
is transverse to the zero section. These structures are very close to being symplectic, as they degenerate along a codimension-one submanifold, and therefore, many of the results of symplectic geometry can be extended to this framework. Note that in this paper, log symplectic manifolds are not required to be orientable. Initially, log symplectic manifolds were considered on manifolds with boundary in [12] , in the context of deformation quantization, and were studied using the tools of b-geometry developed in [11] . On compact oriented surfaces (without boundary), these structures were fully classified in [14] . More recently, the systematic study of log symplectic structures from [6] attracted a lot of attention and interest. As a result, several new papers appeared studying different facets of the geometry of log symplectic manifolds [5, 10, 1, 15, 4] .
In this paper we give an explicit description of the space of Poisson structures C 1 -close to a given log symplectic structure modulo small diffeomorphisms. In the general case, the problem of describing deformations of Poisson structures is poorly understood, as the nature of the deformation space depends to a great extent on the structure under consideration, with some structures showing rigidity phenomena [2] while for others the deformation space is infinite dimensional [9] . The main difficulty (in comparison for example with complex geometry) arises from the non ellipticity of the complex describing the infinitesimal deformations, called the Poisson complex. For log symplectic manifolds, the Poisson complex is elliptic outside a codimensionone hypersurface, and this already indicates that the problem is more tractable in this case. A similar behavior is displayed by b k -symplectic structures (introduced in [15] ), and the authors expect that deformations of these structures can be studied in a similar fashion to obtain an analogue description of the space of C k -deformations.
The geometry of a Poisson manifold can be highly nontrivial, making even local results very hard. The global picture (e.g. of the distribution of symplectic leaves) can also be rather wild and unexpected. Log symplectic structures have a very specific geometry, which is more accessible, but still nontrivial enough to allow for interesting results. The singular locus of a log symplectic structure (M, π) is the codimension-one Poisson submanifold Z := (∧ n π) −1 (0). More insight into the geometry of a log symplectic structure is gained when looking at the inverse of π. For this, fix E → M a tubular neighborhood of Z in M . For a metric x → |x| on E, fix a function λ : M \Z → (0, ∞), satisfying λ(x) := |x|, for x ∈ E with |x| ≤ 1/2, and λ ≡ 1 on M \{x ∈ E : |x| < 1}. Using this function, the inverse π can be written on M \ Z in the following form
where α is a closed two-form on M , θ is a closed one-form on M and p : E → Z is the projection. The pair consisting of η := α| Z ∈ Ω 2 (Z) and θ ∈ Ω 1 (Z) is a cosymplectic structure on Z, i.e. η and θ are closed and θ ∧ η n−1 is a volume form. The cosymplectic structure determines a pair (π Z , V ), where π Z is a Poisson structure on Z whose symplectic foliation is given by the kernel of θ endowed with the pullback of η, and V is the vector field such that ι V η = 0 and θ(V ) = 1. Moreover, this gives a one-to-one correspondence between cosymplectic structures and regular corank-one Poisson structures endowed with a transverse Poisson vector field (see e.g. [7] ).
In this paper we show that, up to diffeomorphism, there are only two ways to deform log symplectic structures on compact manifolds. These are described as follows:
i. The first type of deformation is the gauge transformation by a (small enough) closed two-form ̟ ∈ Ω 2 (M ). This is a general operation in Poisson geometry, which transforms π by adding the restriction of ̟ to the symplectic form on each leaf of π. ii. The second type of deformation is specific to log symplectic structures and it transforms π locally around Z. For a (small enough) closed one-form γ ∈ Ω 1 (Z), the transformed Poisson structure is also log symplectic with singular locus Z, but with foliation on Z given by the kernel of θ + γ. These transformations can be described algebraically in terms of their inverses on M \Z; the result of transforming π by the pair (
The cosymplectic structure on Z induced by π ̟ γ is the pair (η + ̟| Z , θ + γ). In fact, these two types of deformations cover all Poisson structures near a log symplectic structure. Theorem 1. Let (M, π, Z) be a compact log symplectic manifold. Consider ̟ 1 , . . . , ̟ l closed two-forms on M and γ 1 , . . . , γ k closed one-forms on Z such that their cohomology classes form a basis of H 2 (M ) and of H 1 (Z) respectively. For ǫ ∈ R l and δ ∈ R k , denote by
a) for all small enough ǫ ∈ R l and δ ∈ R k , we have that π ̟ǫ γ δ (given by (2) ) is a log symplectic structure;
The natural setting for studying log symplectic structures is the formalism of b-geometry developed in [11] . The cohomology of interest in this formalism is the b-cohomology, that can be explicitly computed in terms of the de Rham cohomology. Recall that a log symplectic structure (M, π, Z) is called proper [5] , if the foliation on Z is given by a submersion to S 1 . Now this is equivalent to the cohomology class [θ] being a real multiple of an integral class (see [16] ). Since such one-forms are dense in the space of all closed one-forms, Theorem 1 implies that the proper log symplectic structures form a dense set in the space of all log symplectic structures, a result which appeared also in [1] .
The structure of the paper is the following: In section 2 we present the language of b-geometry. In particular, we discuss the functoriality of the Mazzeo-Melrose decomposition of b-cohomology (Corollary 1), which implies that the classes [α], [θ] associated to π are canonical. In the orientable case, this functoriality result appeared in [15] . The b-geometric version of the Moser lemma from [12] , which plays a fundamental role in our proof, is stated in Lemma 2 in the more general setting of one-,two-and top-forms. In the case of top forms, we obtain a simple proof (Corollary 2) of the classification of generic multi-vector fields of top degree from [8] . In section 3 we compute the Poisson cohomology of log symplectic structures (Proposition 1) and relate this to Theorem 1. In section 4 we begin the proof of Theorem 1 by proving that any Poisson structure close to π is Poisson diffeomorphic to a log symplectic structure also close to π with the same singular locus. In section 5 we finish the proof of Theorem 1. In section 6 we present examples which illustrate the phenomena that can occur when deforming log symplectic structures. In the appendix, we include the proof of Lemma 1.
between b-manifolds that is transverse to Z 2 and satisfies ϕ −1 (Z 2 ) = Z 1 . Associated to a pair (M, Z) there is a natural b-tangent bundle denoted by T Z M → M , whose sections are vector fields on M that are tangent to Z. Let E → M be a tubular neighborhood of Z in M , and denote by ξ the corresponding Euler vector field on E; i.e. the flow of ξ is fiberwise multiplication with e t . Regarding ξ as a section of T Z E, we see that ξ is nowhere vanishing, and moreover, that
is independent of the tubular neighborhood. 
is a chain map. It is well-known that this complex fits in a (canonical) short exact sequence of complexes:
where ξ Z is defined by (3). This sequence splits. To see this, fix E a tubular neighborhood of Z, and consider a function λ : M \Z → (0, ∞) with the properties from the Introduction: λ(x) := |x|, for x ∈ E with |x| ≤ 1/2, and λ ≡ 1 on M \{x ∈ E : |x| < 1}. We call such a function a distance function adapted to E. The one-form d log(λ) extends to a closed one-form on T Z M which is supported in E. A splitting of (4) commuting with the differentials is given by the map
where p : E → Z is the projection. This implies the Mazzeo-Melrose theorem [11] , i.e. we have the following decomposition for b-cohomology:
Note that the image of 1 ∈ H 0 (Z) under σ is
Now, if λ ′ is another distance function (associated to a second tubular neighborhood), it is easy to see that there is a smooth function f ∈ C ∞ (M ) such that
and therefore, the class
is independent of the choice of λ. This example motivates the results below. The case when M is orientable of corollary 1 appeared in [15] in the more general setting of b k -forms. Here orientability is not assumed. The proof of the lemma is presented in the appendix so as not to disrupt the flow of the paper.
, the following holds:
where the integral is the regularized volume defined in [8] .
Corollary 1 ((see also [15] )). The decomposition (6) is functorial in the b-category.
We have to show that the induced map
is also a b-map; therefore, by the lemma,
Again, the lemma implies that [ϕ
). This finishes the proof.
2.2. Log symplectic structures. The framework of b-geometry allows us to regard log symplectic structures as "symplectic" structures on the b-tangent bundle T Z M . To see this, note first that a log symplectic structure on M with singular locus Z is the same as a nondegenerate section
that is closed, dω = 0; the two being related by π −1 = ω. Using a tubular neighborhood of Z in M and a distance function λ adapted to E, we can decompose
where α is a closed two-form on M and θ is a closed one-form on Z. Note that the image of any closed b-one-form under the isomorphism π
represents the modular class of π (see [6] ) and V := X| Z is a Poisson vector field on (Z, π Z ) transverse to the symplectic leaves. As mentioned in the Introduction, the pair (π Z , V ) corresponds to the cosymplectic structure (η, θ) on Z, where η := α| Z . Note that θ does not depend on the tubular neighborhood and on λ, since it is the image of ω under the map ι ξZ from (4). However, η does depend, but in a rather mild fashion, as it changes only by exact two-forms of the type d(f θ), with f ∈ C ∞ (Z). Likewise, V is determined up to Hamiltonian vector fields. Now we reformulate the main result in the b-language. If M is compact and
is a small deformation of π. This remark implies part (a) of Theorem 1. Part (b) says that every Poisson structure close to π is isomorphic to one of this form, and moreover, whenever 
2.3.
Non-degenerate b-forms. In the proof of Theorem 1 we use a version of the Moser trick for closed non-degenerate b-two-forms. As in the classical case, this stability result holds for the following type of forms:
is called nondegenerate if the following map is surjective:
Comparing dimensions, we see that nondegenerate b-forms can exist only in degrees 1, 2 and dim(M ). Correspondingly, closed nondegenerate b-forms give rise to the following geometric objects:
(1) Let ϑ be a closed nondegenerate b-one-form. Nondegeneracy is equivalent to ϑ being nowhere vanishing. Now ι ξZ ϑ is a closed 0-form on Z, thus on each connected component Z i of Z it is a constant c i ∈ R. Geometrically, ϑ encodes a codimension one foliation F ϑ on M which on M \Z is given by the kernel of ϑ, it is transverse to the components Z i for which c i = 0, and it contains the components Z i with c i = 0 as leaves. To see that this defines indeed a smooth foliation, let E i → M be tubular neighborhoods of Z i , such that E i ∩ E j = ∅, for i = j, and let λ i be adapted distance functions. We decompose ϑ as the locally finite sum
where θ is a closed one-form. Around a component with c i = 0, we have that ϑ = θ, and nondegeneracy implies that θ| T Zi : T Z i → R is nowhere vanishing; hence the foliation extends to Z i by the kernel of θ, and moreover, it is transverse to Z i . If Z i is a component with c i = 0, then around Z i we can write ϑ = θ + c i d log(λ). On small open neighborhoods U i around points in Z i , we can write λ i = |t|, where t is a coordinate function with
. Then the kernel of ϑ is also the kernel of the 1-form
which shows that the foliation extends smoothly to Z i , with Z i as a leaf. (2) As discussed in the previous section, closed nondegenerate b-two-forms ω are the same as log symplectic structure π(= ω −1 ) with singular locus Z.
is a multivector field of top degree on M , which intersects the zero-section of ∧ m T M transversally at Z. These structures are called generic Nambu structures of top degree and were studied in [8] . In Corollary 2 below, we show that the b-geometric Moser argument implies the main result from loc.cit. We give now the b-geometric Moser lemma for non-degenerate b-forms. The proof is the same as in the case for symplectic b-two-forms, which appeared first in [12] .
Lemma 2 ((see [12] 
′ is nondegenerate for all t ∈ [0, 1], and
As a consequence of this result, we obtain the following:
Proof. Since ∧ top T * Z M is a rank-one bundle, we can write µ ′ = f µ, for some nowhere vanishing function f ∈ C ∞ (M ). Let us show that f > 0. If Z = ∅, it follows that M is orientable, therefore the claim follows by integrating µ and µ Using the decomposition from Corollary 1
we see that Corollary 1 extends the classification of generic Nambu structures of top degree from [8] to the case of non-orientable manifolds M . In the orientable case, fixing orientations on M and on the components of Z, we have that a generic Nambu structure w of top degree with singular locus Z is determined, up to orientation preserving diffeomorphisms, by the regularized volume of µ := w −1 and by the volumes of the components Z i of Z computed with the aid of ι ξZ ω| Zi . In the non-oriented case, it is determined entirely by the volumes of the components. [6] . In loc.cit. it is shown that the log symplectic structure π gives an isomorphism of complexes
Hence the following lemma implies Proposition 1.
induces an isomorphism in cohomology; i.e. the Poisson cohomology is isomorphic to the b-Poisson cohomology:
Proof. We will construct linear maps h :
This will imply the conclusion, since ζ induces a map in cohomology ζ :
, which is the inverse of the map induced by the inclusion. Let E → M be a tubular neighborhood of Z in M , with projection p : E → Z. Let χ be a smooth function supported in E, such that χ = 1 in a neighborhood of Z. Denote ω := π −1 ∈ Ω 2 Z (M ) and consider the canonical 1-form θ ∈ Ω 1 (Z) defining the foliation on Z. Now, define the operators h by
It suffices to check (7) locally around Z, where we have that χ = 1. First, note that, since p * (θ) is closed, a Poisson version of the Cartan formula holds:
Thus, for (7) it suffices to check that w
and ω is invertible, we have that ξ| Z = ξ Z . Now, an easy local computation shows that every b-vector field ξ extending ξ Z satisfies w + [ξ, w] ∈ X
• Z (M ). Remark Analyzing the proof of Lemma 3, we see that the quotient complex
In fact, one can show that this complex is isomorphic to the complex computing the Poisson cohomology of the Poisson manifold (Z, π Z ) with coefficients in the normal bundle ν Z of Z, endowed with the canonical representation (see [13] ). Thus, we conclude that H • πZ (Z; ν Z ) = 0. This is surprising, since the cohomology with trivial coefficients H • πZ (Z) never vanishes, and moreover, this cohomology is infinite dimensional when the cosymplectic structure is proper, i.e. when the foliation is given by the fibers of a submersion to S 1 .
Stability of the singular locus
In this section we begin the proof of Theorem 1. We prove that a Poisson structure C 1 -close to a log symplectic structure π is also log symplectic and moreover, its singular locus is diffeomorphic to that of π. This is related to the problem of stability of Poisson submanifolds, which studies persistence of Poisson submanifolds under deformations of the Poisson bivector, and was treated in the case of symplectic leaves in [3] . Heuristically, the infinitesimal condition for stability of the Poisson submanifold N of (M, π) is that the quotient complex X
• (M )/X
• N (M ) is acyclic in degree two, where X
• N (M ) denotes as before the space of multi-vector fields tangent to N . In the case of N being a compact symplectic leaf, it is proved in [3] that the condition g(t, x) . Now the C 0 -norm on Γ(∧ 2 T M ) computes the supremum of f (t, x), whereas the C 0 -norm on Γ(∧ 2 T Z M ) computes the supremum of g(t, x). This makes the following lemma more subtle than one would expect. 
Moreover, the map
is continuous for the C 1 -topology on V and the C 0 -topology on Log(M, Z).
Proof. First we assume that M is orientable. We prove this case in two steps: first we construct Φ and V and second we prove that Φ has the desired continuity property.
Step 1. Construction of Φ and V.
Since M is orientable, the normal bundle to Z is trivial, and we can find a tubular neighborhood E → M , E ∼ = R × Z. Denote by t the coordinate on R.
n π| E is a nowhere vanishing section of ∧ 2n T E, and for every smooth bivector w, we have that ∧ n w| E = h w (t, x)µ, for some smooth function h w on E. Moreover, the assignment w → h w | [−2,2]×Z is continuous with respect to the C 1 -topologies, and h π = t.
, 2]×Z) around the t consisting of functions h such that ∂h(t, x)/∂t > 0 and |h(t, x) − t| < 1. Then, for any h ∈ D, we have that the function Let
and since ∂h w /∂t = 0 on [−2, 2] × Z, ∧ n w is transverse to the zero-section. Thus, if π ′ ∈ V ′ is Poisson, then π ′ is log symplectic with singular locus Z π ′ . We fix a smooth compactly supported function χ : R → [0, 1], such that χ(t) = 1 for t ∈ [−2, 2] and |χ ′ (t)| < 1/2 for t ∈ R. Consider the following diffeomorphism:
The conditions |χ ′ (t)| < 1/2 and |g w (x)| ≤ 2 imply that pr 1 • ∂Φ(w)/∂t > 0; and hence Φ(w) is indeed a diffeomorphism. The fact that χ(t) = 1 on [−2, 2] implies that Φ(w) maps Z w onto Z. Let V := V ′ ∩ Poiss(M ).
Step 2. Continuity of Ψ. Clearly, the assignment w → Φ(w) is continuous for the C 1 -topologies, and therefore the assignment w → Φ(w) * (w) is continuous for the C 1 -topology on V ′ and the C 0 -topology on Γ(∧ 2 T M ). For a Poisson structure π ′ ∈ V ′ , we have that Φ(π ′ ) * (π ′ ) belongs to Log(M, Z). Now, here comes the more subtle point of the proof: the fact that the C 0 -topology on Log(M, Z) is not the subspace topology induced from Γ(∧ 2 T M ) does not allow us to conclude yet the proof. Also, for an arbitrary w ∈ V ′ , Φ(w) * (w) is not an element of Γ(∧ 2 T Z M ); therefore we have to restrict Φ to V = V ′ ∩ Poiss(M ). Consider a finite open cover of Z by coordinate charts {U l ∼ = R 2n−1 } l such that the closed balls {B l } l of radius 1 still cover Z. In one of these charts U l with coordinates (x i ), an element σ ∈ Γ(∧ 2 T Z M ) can be written as 
is continuous for the C 0 -topology on the second space, thus it suffices to check that the corresponding functions "a l i " also vary continuously.
Consider π ′ ∈ V, and denote g := g π ′ . Denote the local expression of π ′ on U l by
The fact that π ′ is tangent to Z g is written in coordinates as follows:
×Z is of the form (t, x) → (t − g(x), x), and therefore
Equation (8) implies that the coefficient of ∂ ∂t ∧ ∂ ∂xi vanishes at t = 0 and therefore we get that the coefficient of t
We see now that this explicit formula, which holds on [−1, 1]× Z, implies that these coefficients depend continuously on π ′ , i.e., the map π ′ → (a 
Note that the C 1 -norms of α 
This implies the desired continuity and finishes the proof in the case when M is orientable.
Step 3. The non-orientable case.
If M is not orientable, consider the orientable double cover p : M → M , and let γ : M ∼ − → M be the corresponding deck transformation. Then π := p * (π) is a γ-invariant log symplectic structure on M with singular locus Z := p −1 (Z). Consider a γ-invariant tubular neighborhood of E → M , which admits a trivialization E ∼ − → R× Z on which γ acts by γ(t, x) := (−t, γ(x)) (for more details on this construction, see [10] ). Let V be the C 1 -neighborhood of π constructed in the first part, and let Φ : V → Diff( M ) be the corresponding map. Let V be the set of Poisson structures
and therefore, by choosing χ(t) to be an even function, we obtain that Φ(p * (π ′ )) is γ-equivariant. This implies that Φ(p * (π ′ )) covers a diffeomorphism which we denote by Φ(π ′ ) ∈ Diff(M ) and which satisfies
. Moreover, since the pull-back maps p * : V → V and p * : Log(M, Z) → Log( M , Z) are embeddings for the C 1 -topology and for the C 0 -topology, respectively, it follows that the map π ′ → Φ(π ′ ) * (π ′ ) is continuous. This concludes the proof.
Proof of Theorem 1
In this section we prove part (b) and (c) of Theorem 1. By the result in the previous section (Lemma 4), all small deformations can be represented by nearby log symplectic structures which have the same singular locus. In this setup, the b-version of the Moser argument (Lemma 2) is used to prove that log symplectic structures are determined up to diffeomorphism by their b-cohomology. This will conclude the proof of part (b) of Theorem 1. Finally, part (c) is proved by showing that small diffeomorphisms do not change the b-cohomology class.
Fix (M 2n , π) a compact log symplectic manifold with singular locus Z. Let
Z (M ) denote the inverse of π. Consider, as in the statement of Theorem 1, ̟ 1 , . . . , ̟ l closed two-forms on M and γ 1 , . . . , γ k closed one-forms on Z such that their cohomology classes form a basis of H 2 (M ) and H 1 (Z) respectively. For ǫ ∈ R l and δ ∈ R k , denote by
tubular neighborhood E of Z, with projection p : E → Z, and let λ be a distance function for E. Denote by
The Mazzeo-Melrose decomposition implies that the map
Next, we construct a convex neighborhood consisting of non-degenerate b-forms, which will be used in the proof of part (b).
Lemma 5. There is a C
0 -open neighborhood W around ω in the space of all closed b-two-forms Ω 2 Z,closed (M ), such that every ω ′ ∈ W is nondegenerate, and moreover,
Proof. Fix a metric on T Z M , and consider the following map on Ω
Clearly, ||ω|| = 0, thus the following is a C 0 -neighborhood of ω:
Note that W is a convex neighborhood consisting entirely of log symplectic structures on (M, Z). Let U ⊂ R l+k be the space consisting of pairs (ǫ, δ) such that ω ǫ,δ ∈ W. Clearly, U is a convex open neighborhood of 0. Next, note that taking the cohomology class of a closed b-form ω ′ → [ω ′ ] is continuous for the C 0 -topology on the space of all closed b-forms. To see this, observe that the decomposition form Section 2 Ω
0 -continuous, and that taking de Rham cohomology is also C 0 -continuous, because de Rham cohomology can be detected by integrating along compact submanifolds, and integration is C 0 -continuous. This shows that the following is C 0 -open.
Clearly, W has the required properties. 
Let π ′ ∈ U. Then π ′ is diffeomorphic to the log symplectic structure (
Since ω ′ ∈ W, the Moser argument from Lemma 2 implies that ω ′ is diffeomorphic to ω ǫ,δ .
To prove part (c), first we show the existence of path connected neighborhoods of id M in the space of diffeomorphisms that fix Z. is a diffeomorphism. Moreover, exp * is a homeomorphism for the C 1 -topologies onto a C 1 -open neighborhood D ⊂ Diff(M ) around id M . Consider a metric for which Z is geodesically closed. We claim that for such a metric, if A is small enough then the set D has the required property. Let ϕ ∈ D be such that ϕ sends Z to Z, and write ϕ = exp * (V ), for some V ∈ A. We consider the isotopy ϕ t := exp * (tV ) for t ∈ [0, 1]. For x ∈ Z, the curve ϕ t (x) = exp(tV x ) is a geodesic that starts and ends in Z. For small enough A, we may assume that V x is shorter than the injectivity radius of exp. Since Z is geodesically closed, this implies that V x ∈ T x Z, and so ϕ t (x) ∈ Z for all t.
of Theorem 1, part (c) . Consider the open neighborhood D described in the previous lemma. Let π 0 , π 1 ∈ Log(M, Z) be two log symplectic structures such that there is some ϕ ∈ D for which ϕ * (π 0 ) = π 1 . Denote by ω 0 := π 
Examples
In this section we present some simple examples to illustrate some phenomena that appear in deforming log symplectic structures. Example 1. Consider the unit sphere S 2 embedded in R 3 = {(x, y, z)}. We use the angle θ := tan −1 (y/x) ∈ S 1 and z ∈ (−1, 1) as coordinates on S 2 minus the two poles. The bivector ∂ θ ∧ ∂ z extends to a nondegenerate Poisson structure on S 2 . Consider the log symplectic structure
The singular locus of π is the equator S 1 := {z = 0} ∩ S 2 , and the induced 1-form on S 1 is dθ| S 1 . The corresponding b-two-form is 1 -near π is isomorphic to one of the form π ǫ,δ := (ω + ǫdz ∧ dθ + δω)
Of course, this example fits in the classification of log symplectic structures on compact orientable surfaces from [14] .
